Superconductivity






Our grand tour of many body theories continues with Bardeen, Cooper and Schri-
effer’s (BCS) theory of superconductivity, based on the idea that electrons in a super-
conductor bind to form Cooper pairs that behave like bosons. The phenomena of
superconductivity and superfluidity are then closely linked.







1 Bosons as Fermion Pairs

So far, we have discussed Bose-Einstein condensation and superfluidity using models of
bosonic particles. Can systems of fermions display the same phenomena? Experimentally,
we already know that the answer must be yes, as an atom of He?* consists of protons,
neutrons, and electrons — two of each — which are are all fermions. A He* atom is a
composite boson, but in many situations its internal structure is of no relevance.

To return to model systems, consider the Fermi gas Hamiltonian that we discussed in
the last lecture

1
H= / d‘"[;mwl‘W”WMWT . (1.1)

For a pair of particles of opposite spin, this is equivalent to

1

H = m [V%WLVE] + Upd(ry —1y).

For U, < 0 and sufficiently large, we expect a bound state to form with a symmetric
spatial wavefunction and a spin singlet. Now consider a dilute gas of such bound pairs.
‘Dilute’ in this context means that the interparticle separation is large compared to the
size of the bound state. In this limit, we expect to be able to treat the bound pairs as
spinless bosons, which can then display all the usual phenomena associated with Bose
gases.

The idea that superfluidity can arise in a system of fermions as a result of pairing
was conjectured to explain the phenomenon of superconductivity in metals at low
temperatures Schafroth (1954). If electrons could form pairs, then superconductivity
could be understood as superfluidity of charge —2e bosons. Job done.

You may have spotted the problem with this idea: electrons actually repel each other
due to the Coulomb interaction. A realistic description of electron pairing must involve
a mechanism for attractive interactions. The 1957 realization of Bardeen, Cooper and
Schrieffer (BCS) was that such an attraction is provided by the coupling of the electrons
to phonons. For states near the Fermi surface, this attraction can actually overcome
the Coulomb repulsion (once screening is accounted for, see Lecture 12. Problem Set 3
describes how this can occur in a simple model.
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1 Bosons as Fermion Pairs

This is still not the whole story. The net attraction between electrons is still not strong
enough to form a bound state, if we were just to consider isolated pair. BCS showed
that in a gas of fermions at finite density, arbitrarily weak attraction is enough to cause
pairing: it is a truly many body phenomenon. This was first demonstrated by Leon
Cooper using a toy model that accounted for the existence of the Fermi sea in the pairing
problem, and for this reason we speak of Cooper pairs.

So BCS got the Nobel prize (which conveniently can be split three ways) and their
theory become one of the pillars of condensed matter physics. In this lecture we’ll discuss
BCS theory using the model Hamiltonian Equation 1.1 with attractive short-ranged
interactions. This is not a particularly realistic model of the combined phonon-mediated
attraction and screened Coulomb repulsion, but displays the same physics. It is a good
model for pairing of ultracold fermionic atoms, first observed in 2004 Regal, Greiner, and
Jin (2004).



2 BCS Theory

2.1 The BCS Wavefunction

In momentum space our Hamiltonian Equation 1.1 has the form

H
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We take the interaction between the two species to be attractive U, < 0. The ground
state of the non-interacting problem is

FS) = [] afal,, [VAC).
|p|<kp

The application of the interaction Hamiltonian H, , generates terms of the form
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Note the difference from the Bose case: because the state p = 0 plays no special role —
like every other state below the Fermi surface it is occupied with one fermion of each
species — we do not just create pair excitations with zero centre of mass momentum q = 0.
Nevertheless, the BCS theory makes the assumption that the ground state involves a
superposition of zero momentum pairs only. We can write such a state very generally

|pair) = Z CinE) H [aLTaim]np |[VAC), (2.1)
p
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where the numbers nlf are either 0 or 1 (why?). Note that in writing Equation 2.1 the

number of each species is assumed to be exactly N /2. Restricting ourselves to states of
this form means that

U ~
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2 BCS Theory

where the first term is the Hartree—Fock energy and
7 _ Vot t
Hyw= 33 apral 50y 0, (2.2)
p.p’

It’s useful to introduce the operator b}; = aLTaT_p ! and its conjugate bp = a_p, |Gpy, that

respectively create and destroy a (p T, —p |) pair. Because our pair ansatz Equation 2.1
only includes amplitudes for a given (+p,—p) pair of momenta having either none or
two fermions, we can compute expectations using the pair Hamiltonian

Hypo =2 € bbby + =2 Z bbb, (2.3)
p
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where 2b;r,bp =ap 4

ag+ + aip,iafp,i on paired states.

Now, can we solve Equation 2.37 This may now look like a quadratic problem, but the
pair operators bp, while commuting at different momenta

[bpabp/] = [bl‘)ab;’] = [bz)?bp’] =0 p # p/’

obey the hardcore constraint

which is a result of b' being composed of a pair of fermions obeying the exclusion principle.
Nevertheless, given that a pair that ‘hops’ into a level at p could come from any other
level p’, it seems reasonable to try, as a variational state, one in which the amplitudes
for the occupancy of each level are uncorrelated

N/2
IVAC) (2.5)
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corresponding to Equation 2.1 but with a set of coefficients C{nE) that factorizes. Finding
the variational energy of Equation 2.5 is still a tricky problem. For instance, what is the
expectation value of the kinetic energy?

KE=2) e, (bhbp) =2 e, (nh), (2.6)

Finding the average number of pairs <n§ ) in Equation 2.5 is however not obvious. Instead,

we follow the route taken by BCS, and consider instead the normalized wavefunction



2.1 The BCS Wavefunction

IBCS) = [ [ [vpbb + tp] [VAC)  [uy|? + [vp[* = 1. (2.7)
P

This is a superposition of states with different total number of particles. Apart from the
overall normalization, the projection of Equation 2.7 onto a fixed number NN of particles
corresponds exactly to Equation 2.5 if ¢, = v, /u,. Since Equation 2.7 is a product of
factors corresponding to each momentum separately, <n§ ) is easily found to be vg. The
total variational energy of this state is

U,
(BCS|H,,,;,|BCS) = 2 Z €plvpl® + 70 Z UpUp Uy Vs - (2.8)
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What about our use of a non-conserving wavefunction? The expectation value of any
operator that itself conserves the number of particles can evidently be written

(BCS|0|BCS) = ZPN<N pair|O|N pair),
N

The probabilities Py are

Py= > [1glol+ (1 =ng) lupl]
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which is strongly peaked around (N) = 2 Zp vp|* =2 Zp(nﬁ}, with a variance that is
O(N). Thus at large N

(BCS|O|BCS) — ((N) pair|O|(N) pair).

In the thermodynamic limit, we might as well work with the non-conserving form
Equation 2.7. To fix the number of particles, we should introduce a chemical potential
into the Hamiltonian. Note that we didn’t have to do this with the Bogoliubov theory as
we fixed the number of particles in the condensate V.

There is an interesting alternative interpretation of the pair Hamiltonian Equation 2.3.
Acting within the pair subspace, the three operators bp, b;r,, and bIT,bp — 1/2 behave as
the components of a spin-1/2

SE=0bh, Sy =bp, Si=Dbhby—1/2,

on account of the commutation relations



2 BCS Theory

[bh.bp| =2 (bhbp —1/2)
(b}, (bbb — 1/2)] = —b}.

This representation is sometimes called Anderson spins. In this way we can write
Equation 2.3 as a spin chain (up to a constant)

=H
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where we have included the chemical potential by defining §, = €(p) — p. If we parame-
terize (v, u,) as (cos(0/2)e*?/? sin(6/2)e*¥/?) then the variational energy Equation 2.8
has the form

U : .
(BCS|H,|BCS) = Zép cos f, + HO/Z sin 0, sin 0, cos (¢, — ¢ ) - (2.9)
P
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The interpretation of Equation 2.9 is the following. The first term tends to align the
spins with the z-axis in the - direction for {, < 0 and in the + direction for £, > 0.
On the other hand, the second term, originating from the potential energy between the
constituents of a pair, wants the spins to lie in the x-y plane. Of course, the spins are
really quantum mechanical spin-1/2 operators. The direction corresponds to the direction
of (S) in the BCS state.

It remains to actually minimize the energy Equation 2.8 to determine the u’s and v’s,
or equivalently, the configurations of the spins. For U, > 0 (repulsive interactions), the
spins all point in the £z direction, forming a ‘domain wall’ where £, changes sign at the
Fermi surface. The relationship between the spin picture and the average number of
pairs is

(nf) =v2 = [1+cosb,] /2,

p p

so we see that this corresponds simply to a sharp fermi step. For U, < 0, the system
can lower its energy by taking sinf, # 0. The lowering of the interaction energy more
than compensates the increase in kinetic energy that comes from smearing the step, see
Equation 2.6. Clearly all of the angles ¢,,, describing the angle in the x-y plane, should
be equal. Taking the extremum of Equation 2.9 with respect to the angles 6, gives the
condition



2.1 The BCS Wavefunction

n(p)

Figure 2.1: Anderson spin configurations and the associated distribution functions for
the free fermi gas (top) and the BCS state (bottom).

§psinty, + |Alcos b, =0,

where it is convenient to introduce the gap parameter

UO 7 : UO *
A= —WZe ‘Psmep = —v Zupvp.
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Thus we have

§ _ A
cosf, = —E—p, sinf, = %, E, = V&(Pp)? + A%

P P

The meaning of these solutions is very simple. They correspond to the alignment of the
spin vector with the direction of the effective ‘magnetic field’

(ReA,ImA, &) (2.10)

To be self-consistent, the solution must further satisfy the gap equation

U~ A

P 1Y



2 BCS Theory

It is clear that for U, > 0 there are no non-trivial solutions (A = 0 always), while for any
U, < 0 there is always a solution at finite A (One can also show that it corresponds to a
minimum of energy. In the repulsive case, the solution at A = 0, which always exists,
corresponds to a maximum). Passing to the continuum limit we have

Uy [ dp A
2 (27T)3 Ep

(2.12)

This integral is divergent in the ultraviolet. We turn to the question of how to regularize
it in the next section. More significant, however, is the dependence of the right hand side
on A for small $ $. This is

~ (A log A/,

where A is the UV cut-off (we will shortly identify it with the Fermi energy), and v(u) is
the density of states per spin component at the chemical potential. This shows that no
matter how small the attraction U, < 0, there will always be a solution of Equation 2.12
with finite A. This is the essence of the Cooper phenomenon. It should be compared
with the situation in which there are not a macroscopically large number of particles
present. In that case u = 0, so that §, = ¢(p) > 0. Then the right hand side of
Equation 2.12 has no divergence at low energies because the density of states v(E)
vanishes. The finite value of A is thus seen to be a consequence of the fermi sea.

We have shown that the BCS state, consisting of a superposition of zero momentum
pairs, is a better variational state than the Fermi sea for arbitrarily weak attractive
interactions. Further, it coincides with the Fermi sea at zero interaction, suggesting a
smooth evolution of the ground state as interactions are switched on. What, if anything,
does this have to do with the strong coupling picture of tightly bound bosonic pairs in a
dilute gas that we gave in the introduction?

2.2 Discussion: Heisenberg’s Problem

2.3 The BCS-BEC Crossover

Surprisingly, the wavefunctions in the two limits are the same! This can be seen from
the first quantized form of the number conserving wavefunction Equation 2.5

N/2
IV pair) = > (=17 T] ¢l —rh), (213)
P ij=1
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2.3 The BCS-BEC Crossover

where ¢, = v, / up, and rg’i are the positions of the spin up and spin down fermions, and
we sum over all permutations of N /2 objects (assuming N is even).

@ Check

Do you understand where this comes from?

At weak coupling the extent of the ‘pair wavefunction’ p(r) is large compared to the
separation between pairs. In this limit the antisymmetrization operation, required by the
exclusion principle, plays a dominant role, as we have seen. When the pair wavefunction
©(r) has a much smaller extent than the typical separation between pairs, we can expect
that the antisymmetrization operation in Equation 2.13 is not too important, as two
fermions of the same type rarely overlap. In this limit, any given momentum state
has a low average occupancy, and the hardcore constraint Equation 2.4 does not play
a significant role. Then Equation 2.3 can really be thought of as a Hamiltonian for
isolated pairs, with the corresponding binding energy. The resulting wavefunction is then
essentially a Gross-Pitaevskii state of molecules. This all suggests that the BCS state
is smoothly connected to the Bose-Einstein condensate (BEC), though the BCS-BEC
crossover.

To see how this works in detail we need to address the issue of regularizing Equation 2.11.
The details are given in the Appendix, but the conclusion is very simple. The gap
equation can be written in terms of the scattering length a (if you haven’t met scattering
theory before, the meaning of this quantity is explained in the Appendix too) of the
two-particle potential instead of interaction strength U,

m 1 A A
—mA_V%: [QE 5 ] (2.14)

p’ Ep/

The nice thing about this new equation is that, on account of the second term in the
square brackets, the ultraviolet divergence has been eliminated.

In the weak-coupling limit, the gap A is expected to be much smaller than the Fermi
energy, and the chemical potential is just equal to the Fermi energy Er = k% /2m. The
integral in Equation 2.14 can then be done explicitly to give the gap

8 us
ABCS = gEFeXp |:2’kFa:| (215)

Outside of the weak-coupling limit, we have to account for a change in the chemical
potential, in order to keep a fixed density. This is apparent from the equation

N:2zp:<n§>=22p:ugzzp:[1—g;] (2.16)

11



2 BCS Theory

The two equations Equation 2.14 and Equation 2.16 are conveniently cast in the dimen-
sionless form

u /ood 1 i
_= X _
2kpa b V(@2 = )% + A2
e’e] 2
2 = / drx? |1— i
3 U V(@2 —p)? + A7

where p and A, are measured in units of E = p%/2m, and the unit of length is kz'. In
these units the total density of particles of both types is 1/372.

Z15 —1.0 —05 0.0 0.5 10 L5

1/kpa

Figure 2.2: Variation of gap and chemical potential accross the BCS (left, weak attraction)
to BEC (right, strong attraction).

The point 1/kra = 0, where the scattering length diverges, corresponds to the formation
of a bound state. This is an interesting part of the phase diagram, because here (if the
temperature is zero) there is only one energy scale (the Fermi energy) and only one length
scale (the fermi wavelength). All quantities such as A and p are simply some universal
fraction of the Fermi energy. In particular the equation of state of the system is

E/)V = agEFn ox nd/3,

The numerical factors are to emphasize the resemblance of the unitary gas to the free
fermi gas, where a = 1. The mean field theory above gives a = 0.59, while a Quantum

12



2.4 Quasiparticle Excitations

Monte Carlo calculation found o = 0.44 4+ 0.01. There is of course no reason to believe
the quantitative predictions of the mean-field theory in the region where interactions are
so strong.

2.4 Quasiparticle Excitations

Like the Bogoliubov theory, this BCS theory also lets us discuss excitations out of the
ground state. We didn’t solve the BCS hamiltonian by a Bogoliubov transformation,
as is often done, but we can introduce the Bogoliubov-type excitations after the fact.
Recalling the BCS state

IBCS) = [[ [vpalial,, +up] [VAC),

p
it’s easy to see that the operators

_ _ T
Opt = Uplpy — Upl_p|

_ t
Qpp = U ply TV pa_p,

satisfy the canonical fermion anticommutation relations and annihilate the BCS state

ap.s|BCS)) = 0.

Consider the state

Ip,s) = o s|BCS) = ab H [Up/aL,Taip,i + up/] |[VAC),
p'#p

corresponding to the momentum state p certainly containing one particle with spin s,
and the (—p, —s) state certainly being empty. The result is an eigenstate of momentum
and spin, although it is not of course an energy eigenstate of H,,. Nevertheless, we can
regard it as an approximate variational excited state, since it is orthogonal to |BCS). To
evaluate its energy, notice that if we choose s =1 then the (p, 1) state is occupied and
(—p, ) empty, and we have

GLTGT_pﬂpaﬁ =0, a’_p\La’pT|p?/]\> =0

This means that the p, —p pairs no longer contribute when f]int (Equation 2.2) is applied.
The level is said to be ‘blocked’, and so the effect of the attractive interaction is reduced.
To find the energy of this state we have to take into account the kinetic energy as well as
the loss of attractive interaction energy, see Equation 2.9

13



2 BCS Theory

(p,s) occupied (—p,—s) empty “blocking”
Ep)=&[(1—(nf) —(nf) ]+ Asing, =E,

Note that these quasiparticle excitations always have a gap A, given by

A
A, =minE —{ >0,

p P VA% + 2, u<O.

As p turns from positive to negative as we pass from BCS to BEC (see the above figure,
the density of states of the quasiparticle excitations turns from having a square root

singularity v(e) ~ (e — AS)_l/z to vanishing like a square root v(e) ~ (e — AS)I/Q.

14



3 Appendix

3.1 Regularizing the Gap Equation

The gap equation Equation 2.11 has an ultraviolet divergence — which we also encountered
in the Bose gas — that is really a two body effect that arises from our model d-function
potential. To see why this is so, consider the two particle Schrodinger equation

1

om [Vi+ V2] U(r),ry) + U(r; —ry)U(ry,ry) = E¥(r),1y),

now with a general two-body potential U(r; —ry). In terms of the relative coordinate
r =r; —r, this becomes

—%\P(r) +U(r)¥(r) = E¥(r),

corresponding to a reduced mass of ;x = m/2. In scattering problems we look for solutions
of the form

\IJ(I') = \Pfree(r) + \Ijscatt(r)’

where W, . (r) solves the free particle equation, giving the inhomogenous equation for
‘I]scatt(r)

{E - Yn} Weate (1) + U(0) Uy (r) = —U (1) Vg (r). (3.1)

It is a standard result of scattering theory that the zero energy wavefunction as the
form

b4 tt

ca
free

[r[>7r - -
() —> T — ﬁ
r

where a is the (s-wave) scattering length, and 7, is the range of the potential. This
corresponds to the behaviour in Fourier space

15



3 Appendix

- kl<re®  47a
scatt k |k|2

Returning to the BCS problem, it’s not hard to see that with a general potential the gap
parameter is now momentum dependent, leading to a gap equation

y Ay
Bp :_;/ gf:) Up—p )Ep/ (3.2)

The solution of Equation 3.2 is in general very difficult, but it can be greatly simplified if
we assume that the range of the potential U(r) is the shortest length scale in the problem.
With this assumption we can write Equation 2.11

A, 1 A, A,
/ p_ = P o P
A + VZU p p >2€ ’ V o |: O(p> 2Ep/ U(p P )26]:)/:|
_ _U0<P) Z Ag Ag
V 2F_, 2€p/

We have added the same term to both sides. However, the integral on the right hand side
converges on a scale set by the momentum corresponding to the larger of A, or p, which
by assumption is much less than the scale on which U,(p) varies, and justifies replacing
Uop(p —p’) with Uy(p), and A, with Ag.

By comparing the Fourier transform of Equation 3.1 at £ = 0 and Equation 3.3, we can
conclude

Ap = H\I]scatt <p>7

so that

% O V |:2E/ 26 /:|

Which coincides with Equation 2.14 (we drop the subscript 0 from now on, as we never
need to discuss the high momentum behaviour of A, again).

16



3.2 The Effect of Temperature

3.2 The Effect of Temperature

When we discussed the quasiparticle excitations, we didn’t account for the effect that they
have on the self-consistent equation. This is fine when there are few excitations in the
system, but when many levels are blocked, we have to take this effect into account, leading
to a reduction in the gap parameter. The obvious example of this effect is a system
at finite temperature, where the quasiparticles, being fermionic, have the fermi-dirac
distribution function

B 1
ns(P) = eBE.(p) 11’

where we allow the quasiparticle energies, and hence distributions, to differ for the two
species. Since the occupancy of a given state can be zero or one only n/(p) is also
the probability for that state to be occupied. Thus the probability of a (p, s; —p, —s)
state being blocked is n (p) [1 —n_,(—p)] + n_s(—p) [1 — n,(p)]. What if we have both
a (p,s) and a (—p, —s) quasiparticle present?

Tt N PR | x Tt
apTafpi‘BCS> - [upamafpl o UP] H [vpamaim +up] [VAC),
p’'#p

which is orthogonal to the BCS state. In the Anderson spin language this corresponds to
reversing the direction of spin, as if

(u’ ’U) - (COS<9/2)€7Z¢/27 Sin<9/2)€i¥’/2>7 then
(—v*, u*) = i(cos(0’ /2)e /2 sin(f’ /2)e¥'/?),

with " =7/2—60 and ¢’ = o+ 7.

The excitation energy of this state is twice the ‘magnetic field’ each pair experiences
2E(p), see Equation 2.10. The spin interpretation allows us to see easily that this
state contributes —u,v, to the self consistent equation, and occurs with probability
n4(p)n; (—p). The overall result is thus

A = _QVO Zp: 22})/([1 — nT(p)][l —ny(—p)] —nT(p)ni(—p))
— _ZVO 3 %[1 —n4(p) — n (—p)].

For the case E,(p) = E(p), and in the BCS limit where y ~ Ep, A < Ep, this is
conveniently presented in the form

17



3 Appendix

1 E A
— ~  — [ dEtanh () -2
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where v(Ej) is the fermi surface density of states per spin, and we have left out the
upper cut-off. This expression needs to be regularized as in the zero temperature case

considered before. The resulting A(7T') varies from A(0) = Apgcg given by Equation 2.15,
to zero at

~
kpT. = —A
Btc T BCS»

where 7 is the Euler-Mascheroni constant. This relationship between 7, and Apqg is a
key numerical prediction of the BCS theory. An important point is that the variation is
smooth, suggesting a second order transition to a normal (non-superfluid) state above
T,

c*

There is a small problem. If we continue the calculation through the crossover, the
temperature at which a non-zero A develops continues to increase indefinitely on the
BEC side De Melo, Randeria, and Engelbrecht (1993)

kpT. ~ E,/2[log By JE*? | 1/kpa > 0

where Ej, = 1/ma? is the binding energy of a pair. This temperature should be thought
of as a dissociation temperature below which pairs can form (the logarithmic factor is
entropic in origin). The temperature at which these pairs condense will however be lower,
tending to the ideal bose Tgpe in the 1/kpa — oo limit. A more sophisticated treatment
is required to find a smooth interpolating 7T, (1/kpa).

18
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3.2 The Effect of Temperature
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Figure 3.1: T, in the mean-field theory (solid line), compared with the result of a treatment
that smoothly interpolates to Tgp (dashed). Reproduced from De Melo,

Randeria, and Engelbrecht (1993).
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